A Micromagnetic Study of Magnetization Reversal in Ferromagnetic
  Nanorings by Chaves-O'Flynn, Gabriel D. et al.
ar
X
iv
:0
81
1.
04
40
v2
  [
co
nd
-m
at.
me
s-h
all
]  
22
 D
ec
 20
08
A Mi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We present results of miromagneti simulations of thin ferromagneti rings undergoing magne-
tization reversal. This geometry is one of few examples in miromagnetis in whih the transition
states have been found analytially in a 1D model. Aording to this model, at low elds and large
ring sizes, the energetially preferred transition state is a loalized magnetization utuation (in-
stanton saddle). At high elds and small ring size, the preferred saddle state is a uniformly rotated
magnetization (onstant saddle). In the rst part of this paper, we use numerial miromagneti
simulations to test these preditions of the 1D analytial model for more realisti situations, inlud-
ing a variety of ring radii, annular widths and magneti elds. The predited ativation energies
for magnetization reversal are found to be in lose agreement with numerial results, even for rings
with a large annular width where the 1D approximation would be expeted to break down. We nd
that this approximation breaks down only when the ring's annular width exeeds its radius. In the
seond part, we present new metastable states found in the large radius limit and disuss how they
provide a more omplete understanding of the energy landsape of magneti nanorings.
I. INTRODUCTION
The magneti properties of thin ferromagneti annuli
have attrated attention due to their potential applia-
tions in magneti random aess memory: the absene in
suh geometries of edges or orners to nuleate magneti-
zation reversal leads to greater stability against reversal
than in other simply onneted thin lm elements.
There are several ways in whih ferromagneti an-
nuli may be used as memory elements, diering in the
(meta)stable magnetization ongurations that represent
a single bit. In all of these the magnetization lies om-
pletely within the plane and its onguration is smooth
everywhere. One suh pair of ongurations is of oppo-
site hirality, i.e., lokwise or ounterlokwise irula-
tion of the magnetization
1,2,3
; another is the so-alled
onion states
4,5,6,7,8,9
, where there is a net total magne-
tization along a diretion in the ring's plane. In the for-
mer (latter) ase, a irumferentially (uniformly) direted
magneti eld an be used to set the magnetization on-
guration. The minimum energy ongurations depend
on the strength and diretion of the magneti eld as well
as the relative dimensions of the ring with respet to the
exhange length.
Few analyti solutions have been obtained for the rate
of thermally indued reversal in miromagneti problems,
even in relatively simple geometries. For thin annuli
under the inuene of a irumferential magneti eld,
however, the lowest energy transition (or saddle) states
have been found analytially
10
in a one-dimensional ap-
proximation and studied numerially in the full three-
dimensional problem
11
.
The Kramers theory of reation rates
12
an be used
to ompute the typial lifetime of a given state when
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Figure 1: Ring geometry showing the oordinates. The ur-
rent runs along the axis of the ring out of the page.
there are several minimum energy ongurations. The
general form for the rate Γ of thermally indued tran-
sitions between two minima in the limit of low noise
is given by the well-known Arrhenius formula
13 Γ =
Γ0 exp(−∆E/kBT ), where the prefator Γ0 is usually in-
dependent of the noise strength and depends only on the
shape of the energy landsape lose to the extremal states
relevant to the transition. The ativation energy, ∆E,
equals the energy dierene between the transition state
and the metastable state, thereby determining the sta-
bility of the latter. This is an important gure of merit
for memory devies.
In this paper, numerial miromagnetis are used to
test the preditions of the analytial theory of Martens et
al.
10
for thermally indued transitions between states of
opposite hirality in a 1D approximation to the annular
ring. The simulations were made for a variety of mean
radii, annular widths and magneti elds.
The geometry under study and aompanying relevant
parameters are represented in Fig. 1. The magneti ma-
terial is in the shape of an annulus of mean radius R, an-
2nular width ∆R and (in the third dimension) thikness t.
A urrent I running along the axis of the ring produes
a irumferential external eld H(r) = (I/2πr)θˆ. The
ring is omposed of a soft isotropi ferromagnet (e.g.,
permalloy) with saturation magnetization Ms and ex-
hange length λ. In all of the geometries onsidered,
the aspet ratio k = t/R ≪ 1, giving rise to magne-
tostati fores that onstrain the magnetization to lie
in the plane of the ring (Mz = 0)
10
. A magnetization
onguration an therefore be ompletely desribed by
φ(θ, r), the angle the magnetization at a given radius
makes with the unit vetor lying along the tangent to
the irle with that radius: M(θ, r) = (Mx,My,Mz) =
Ms(sin(φ− θ), cos(φ− θ), 0).
II. MODEL
Our starting point is the Landau-Lifshitz-
Gilbert (LLG) equation
14,15
dM
dt
= −|γ|M×Heff − |γ|α
Ms
M× (M×Heff), (1)
where γ is the gyromagneti ratio and α is the (phe-
nomenologial) damping onstant. The eetive mag-
neti eld, Heff = −∇ME, ontains all (external and in-
ternal) elds and is the variational derivative of the total
miromagneti energy
E[M(r)] = µ0λ
2
2

Ω
d3r|∇M|2
+ µ02

R3
d3r|∇U |2 − µ0

Ω d
3rHe ·M.
(2)
The three terms above orrespond respetively to the ex-
hange energy, demagnetization (or magnetostati) en-
ergy, and Zeeman energy, with the (small) magneto-
rystalline anisotropy term negleted. (The last of these
an be easily inluded, but for the materials and ge-
ometries onsidered here, it is typially overwhelmed by
the muh larger shape anisotropy arising from the de-
magnetization term.) Here Ω is the volume of the ring,
λ =
√
2A/(µ0M2s ) is the exhange length (where Ms,
the magnitude of the magnetization, is assumed to be
the same everywhere, and A is the exhange onstant),
He is the applied external magneti eld, and |∇M|2 ≡
|∇Mx|2 + |∇My|2 + |∇Mz|2. The magnetostati poten-
tial U , arising from long-range dipole-dipole interations
within the magneti material, satises∇2U = ∇·M (and
suitable boundary onditions in the interfaes between
media), whih an be derived through Maxwell's equa-
tions. Our simulations involve numerial integration of
the above set of equations.
The extremal states of a quasi-1D ferromagneti ring
(i.e., ∆R ≪ R so that the external magneti eld does
not vary signiantly with distane from the enter of
the ring) in a irumferential magneti eld have been
analytially obtained
10
. The solutions found there ap-
ply in the thin-ring limit: k = t/R ≪ 1 and (λ/R)2 ∼
(t/R)| ln(t/R)|. Under these onditions the seond term
on the RHS of (2) separates into three main terms (and
a number of smaller ones): a term whih extrats a large
energy ost when the magnetization does not lie om-
pletely within the plane of the annulus; a loal surfae
term (the shape anisotropy, whih favors alignment of the
magnetization with the tangential diretion at the inner
and outer ring radius); and a nonloal bulk ontribution.
Analysis of these terms nds that the bulk term is small
ompared to the surfae term and an therefore be ne-
gleted
10
. In Se. IV we test these onlusions for more
realisti geometries by omputing numerially the total
demagnetization energy and omparing it to the (analyt-
ially omputable) loal surfae (i.e., shape anisotropy)
term.
In the 1D approximation the total energy redues to
E = 2µ0M
2
0 (
ℓ
2π )
2 t
R
×λ2  π0 [(2πℓ ∂φ∂θ )2 + sin2 φ− 2h cosφ]dθ,
(3)
where the parameters ℓ and h are the saled irumfer-
ene and eld:
ℓ = R
λ
√
2π
(
t
∆R
) ∣∣ln ( t
R
)∣∣
h = He
Hc
= Heµ0Ms
pi (
t
∆R)|ln( tR)| ,
(4)
and Hc is dened below. The rst term in the integrand
is the exhange energy, the seond the shape anisotropy
(i.e., the surfae term arising from the demagnetization
energy), and the last is the Zeeman term.
Given an external magneti eld that is irumferen-
tial and points everywhere in the ounterlokwise di-
retion, there are two states that are loal minima of
the energy: a stable magnetization onguration (ground
state), whih is everywhere aligned with the external
eld, and a metastable state that is everywhere antipar-
allel to the eld (i.e., irumferential and pointing ev-
erywhere in the lokwise diretion). Hc orresponds in
eq. 4 to the magneti eld at whih the metastable on-
guration beomes unstable.
There are also two relevant unstable stationary ong-
urations (i.e. saddle states). These are dened by the
angle φ that the magnetization diretion makes with the
irumferential diretion at eah point in the annulus;
i.e., φ is a funtion of the angle θ (as shown in Fig. 1),
φℓ,h(θ). In the limit of low noise, reversal of the magneti-
zation ours through the lower energy saddle state. One
of these orresponds to a global rotation of the magneti-
zation in whih φ is independent of θ; we therefore label
it the onstant saddle, and is denoted φh. The onstant
saddle favors the exhange and Zeeman energies at the
expense of the demagnetization energy. The seond sad-
dle state is a loalized utuation of the magnetization
and we therefore refer to it as the instanton saddle, and
denote it by φh,ℓ(θ)(denoted as instanton saddle in
10
).
This state favors the demagnetization energy at the ex-
pense of the exhange and Zeeman energies.
3Whih of these two saddles is energetially favored de-
pends on the applied eld and the ring size. When the
saled eld h is smaller than
√
1− (2π/ℓ)2 the instanton
saddle has a lower energy than the onstant saddle; oth-
erwise, the onstant saddle is lower in energy. Fig. 2 of
10
shows the phase boundary between the two ativation
regimes as a funtion of h and ℓ.
We simulated the dynamis using the analytial so-
lutions as our initial ongurations for the two saddle
states:
φh = cos
−1(−h) (5)
for the onstant saddle, and
φh,ℓ = 2 cot
−1
(
ϑ dn
(
θK(m)
π
|m
))
(6)
for the instanton saddle. Here dn(·|m) is the Jaobi ellip-
ti funtion with 0 ≤ m ≤ 1, and K(m) is the omplete
ellipti integral of the rst kind
16
. The parameter m sat-
ises,
ℓ
2K(m)
=
m√
2−m−
√
m2h2 + 4(1−m)
(7)
and ϑ is dened by,
ϑ =
√
2−mh−
√
m2h2 + 4(1−m)
2m− 2 +mh+
√
m2h2 + 4(1−m) . (8)
For suiently small rings (ℓ ≤ 2π), the instanton sad-
dle does not exist (essentially, the variation of the mag-
netization, whih is of order the exhange length, annot
t onto the ring). In this limit m → 0 and the in-
stanton solution redues to the onstant saddle. As the
ring beomes larger the parameter m inreases from 0
to 1 monotonially with ℓ. For ℓ ≫ 2π the m beomes
numerially indistinguishable from 1. In this limit the
instanton saddle onguration is given by:
φh,ℓ = 2 tan
−1
(√
h
1− h cosh
(
θℓ
2π
√
1− h
))
. (9)
We lassify rings aording to their ℓ values as small
(ℓ ≤ 2π), medium (ℓ ' 2π), and large (ℓ ≫ 2π). Phys-
ially, ℓ haraterizes the ratio of the magnetostati to
exhange energies. A medium ring (ℓ ' 2π) has a saled
irumferene lose in size to a domain wall in the mate-
rial. The saddle ongurations of eah regime are shown
in Fig. 2.
The ativation energies within the 1D analytial model
an be alulated using 3(f.
10
). For the onstant
saddle they an be analytially omputed: ∆E =
µ0M
2
0 t
2R| ln(t/R)|(1− h)2.
Figure 2: Saddle ongurations omputed analytially from
the 1D model of Martens et al. for small, medium and large
ring sizes. a) For small rings the magnetization reversal goes
through the onstant saddle state; b) when ℓ > 2π the tran-
sition is via the instanton saddle; ) as the relative size of the
ring inreases the utuation in the instanton saddle oupies
a smaller fration of the ring.
III. METHOD
We studied thin nanorings by running simulations on
the model of Set. II using the publily available pak-
ages OOMFF and Nmag
17,18
. These pakages eetively
simulate the dynamis speied by (1) and (2) at zero
temperature; i.e., all runs start from an initial ongura-
tion and run downhill in energy.
Our initial states were the instanton and onstant sad-
dles desribed by (5) and (6), whih provided starting
points that were guessed to be relatively lose to the a-
tual saddles. The system subsequently relaxed to the
atual saddle states, whih turned out to be remarkably
lose to analytial solutions. We desribe below how this
was determined.
Depending on the starting state, the system will evolve
to one or the other (meta)stable state, i.e., either the
lokwise or the ounterlokwise magnetization ongu-
4ration. In order to nd the atual 2D saddle numerially
(reall that the magnetization is fored by the magne-
tostati energy term to lie in the plane of the ring), we
introdue a new eld value, denoted ht, an eetive eld
for whih the state φh,l behaves as a saddle state. In de-
termining ht, two riteria are used. First, φh,l must be as
nearly a stationary state as the numeris allow, i.e., the
initial time derivative of the total miromagneti energy
should be lose to zero (limhe→ht
δE
δt
∣∣
t=0
→ 0−). Se-
ond, the state φh,l should mark the boundary between the
basins of attration of eah (meta) stable state (i.e., for
h < ht the system evolves to a loklokwise state, while
for h > ht, it evolves to the ounterlokwise state). In
the following setions, we show that these riteria are sat-
ised in a variety of rings with dierent exhange lengths
and annular widths. We also show how the model even-
tually breaks down when the width of the ring beomes
very large.
The proedure an be summarized is as follows. For a
given initial φh,l we nd the appropriate ht by a braket
and bisetion iterative proess. We set the initial ong-
uration φh,l, x the external magneti eld at the value
he and allow the system to relax. If the nal state is the
metastable (lokwise) onguration we inrease he by
an amount δhe; if the nal state is the stable (ounter-
lokwise) onguration we derease he by δhe. We then
start a new run and redue δhe by a fator of 2. As δhe
dereases, the total relaxation time inreases due to the
slow dynamis at the start of the simulation, providing
evidene that the initial ongurations are approahing
the true saddle states. We iterate until we reah a nu-
merial unertainty of δh = 6× 10−3.
The Nmag simulations were run using a mesh onsist-
ing of 20963 volume elements, 15154 surfae elements,
and 7594 points with an edge length of average 3.89 nm
and standard deviation of 0.7. (The quality distribution
of the mesh was 1.66% below 0.6; 9.11% between 0.6 and
0.7, 57.28% between 0.7 and 0.8, 32.05% between 0.8 and
0.9, and 0.01% above 0.9.) The ell sizes for the simula-
tions in OOMMF were seleted so that they were smaller
than the exhange length for eah of the regimes studied.
Dierent values of ℓ for a given geometry were studied
by hanging the exhange onstant A (f. below (2)) and
keeping the ring dimensions onstant. This hanges λ
and therefore ℓ, the mesh an be adjusted to speed up
the simulations.
A. String Method in Rare Events
The String Method
19
is a reently introdued numer-
ial proedure for alulating transition energies and
paths within the ontext of large utuations and rare
events. It is useful to nd the path onneting two sta-
ble ongurations MA and MB, through a urve ξ with
minimum energy. The obtained path orresponds to the
reversal trajetory in the limit where the preession term
of (1) is negligible ompared to the damping term. This
urve ξ satises
∇ME⊥(ξ) = ∇ME(ξ)− [∇ME(ξ) · tˆ]tˆ = 0 (10)
where tˆ is the unit tangent of the urve ξ. The urve ξ is
found by guessing a parametrized path ξ(0) = {M(α) ∈
[0, 1],M(0) = MA,M(1) = MB} and evolving it in
time aording to:
∂tM(α) = −∇ME⊥(M(α)) + λtˆ. (11)
The seond term is added to enfore a partiular
parametrization; it does not alter the atual evolution
of the urve. It is onvenient to rewrite this equation as:
∂tM(α) = H
⊥
eff(M(α)) + λtˆ (12)
For numerial purposes the path ξ is disretized with
N+1 points betwen MAand MB. After eah iteration of
(12) with an Euler forward algorithm the magnetization
vetors are renormalized to Ms. In Set. VI we use this
method to nd the barrier between two states onneted
through a transition state.
IV. MEDIUM SIZE NARROW RING
We onsider a narrow ring of medium redued irum-
ferene ℓ (i.e., the parameter m not lose to 1) with
λ/R ≪ 1, t/R ≪ 1 and (λ/R)2 ∼ (t/R)| ln(t/R)|
(A = 3.2 × 10−10 J/m, ∆R = 40 nm, R = 200 nm,
t = 2 nm, Ms = 8× 105 A/m). With these values, ℓ and
Hc are 12 and 73.9mT, respetively. We rst test numer-
ially whether the surfae, or shape anisotropy, term is
in fat the main ontributor to the magnetostati energy,
as required for the vailidity of the analyti solutions to
hold
10
. Using OOMMF and Nmag the total demagneti-
zation energy were obtained for dierent values of h and
ompared to the values of the surfae term (seond term
in the integrand of (3)). The results of this omparison
are presented in Fig. 3, whih
shows that the numerial omputation of the total de-
magnetization energy gives nearly the same dependene
on h as the ontribution from the shape anisotropy alone.
This provides numerial support for the approximations
used to arrive at the 1D analytial solutions of10 and
onrms that the bulk magnetostati term, negleted in
the analyti model, is indeed not important.
We also ompare the total demagnetization ener-
gies omputed using OOMMF for dierent ell sizes in
Fig. 3b. Three suitable methods to alulate the demag
energy are available in the OOMMF pakage; ConstMag,
3dSlab, 3dCharge. Constmag alulates the average de-
magnetization eld assuming the magnetization is on-
stant in eah ell; 3dSlab uses a demag eld obtained
from bloks of onstant harge; and 3dCharge uses on-
stant magnetization to alulate the in-plane omponent
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Figure 3: Total demagnetization energies, using dierent al-
ulation methods, ompared to analytial results for the shape
anistropy term alone (A = 3.2 × 10−10 J/m, R = 200 nm ,
t = 2 nm and ∆R = 40 nm). a) Comparison of OOMMF
using the ConstMag method at ell size 1 nm and Nmag with
theoretial preditions vs. h. b) Demagnetization energy vs.
ell size using three dierent methods for omputing this en-
ergy in OOMMF, all for h = 0.2. The solid line is the analyt-
ial omputation of the shape anisotropy term alone.
of the magneti eld, and onstant harges to alulate
the out of plane demagnetizing eld. As seen in the g-
ure, the onsisteny between dierent methods of alu-
lation improves as ell size is redued; and the numerial
results approah that of the 1D model.
One ht is obtained following the method desribed in
Set. III, the saddle state is numerially obtained and the
ativation energy is thereby determined from the dier-
ene between eah saddle state and the metastable state.
Fig. 4 displays urves at ht = 0.21 for eah of the two
saddle states used as initial ongurations.
As an be seen in the gure, after a very short tran-
sient the system arrives at a onguration in whih the
energy stays almost onstant for an extended period; this
indiates that the initial 1D analytial solution is lose in
both energy and its geometrial onguration to the true
2D saddle. Eventually, the saddle state deays into one
of the two stable ongurations. The ativation energy is
easily omputed this way (as seen in Fig. 4), and a glane
at the gure onrms that for the applied eld ht = 0.21
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Figure 4: Evolution of the total miromagneti energy with
time. Arrows show ativation energy of eah saddle. The
ongurations shown bifurates at the elds given and have
an initial slow evolution. The two riteria used to determine
a saddle state.
the instanton onguration has a lower ativation energy
than the onstant saddle, as predited theoretially
10
.
The method desribed in Set. III was repeated to
obtain the behavior of ∆E as a funtion of ht. Us-
ing this approah one an alulate ht ≈ h
+
e +h
−
e
2 and
∆E =
E[φh,h
+
e ]+E[φh,h
−
e ]
2 − E[φ = π, ht] for eah of the
two saddle ongurations. Here, E[φh, he] represents the
numerial energy of a onguration φh under an applied
eld of magnitude he. The results are summarized in
Fig. 5 together with the analytial preditions.
Figs. 5a and 5b show ∆E(ht) for the instanton saddle
and onstant saddle, respetively. From bottom to top
the urves represent alulations in OOMMF for two dif-
ferent ell sizes, an Nmag alulation and the analytial
predition.
The Nmag results are loser to the analytial predi-
tions than the OOMMF alulations. This is due to the
fat that the urvature is more faithfully represented by a
mesh of tethrahedrons in Nmag, whereas OOMMF rep-
resents the ring with a square grid. The edges of the
tethrahedrons an be arranged to follow losely the ur-
vature of the ring, whereas the square ells edges will
in most ases make a nite angle with the ring tangent.
This results in a muh larger error ontribution to the de-
magnetization energy in square grids in OOMMF than in
Nmag.
Fig. 5 presents the Nmag simulation results for the
ativation energy. As predited in Ref.
10
, the instan-
ton saddle onguration is preferred at lower elds. For
a xed ℓ the ativation energy urves are predited to
ross at hc(ℓ) =
√
1− (2π/ℓ)2. For higher elds, the
onstant onguration is the sole saddle state (this is in
ontrast to the low-eld side, where both solutions ex-
ist but the onstant saddle has higher energy). Numer-
ially, the eld at whih the rossover between the sad-
dles ours is somewhat lower than that predited. This
disrepany arises beause the theoretial model applies
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Figure 5: Comparison of the ativation energies for the (a)
instanton and (b) onstant saddles. Data points represent
steps of 0.1 in h. As the numeris are rened both by using
Nmag and by reduing the ell size in OOMMF simulations
the results approah the theoretial preditions. () Compar-
ison for Nmag for the middle size, narrow ring (ℓ=12, ∆R=40
nm) of the orresponding urves shown in (a) and (b).
to a stritly 1D ring, whereas the simulations run us-
ing higher-dimensional rings (2D in OOMMF and 3D in
Nmag).
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Figure 6: Evolution of the total energy with time for the
instanton saddle, with energies measured with respet to that
of the stable state. The deay to the metastable state is shown
as proeeding to the left of t = 0, and to the stable state to
the right of t = 0. The ring dimensions are ∆R = 40 nm,
ℓ = 60. When he < ht the instanton saddle (II lose to
t=0) deays quikly into the metastable onguration (I at
t=0.7 ns); domain walls are annihilated. When he > ht the
two domain walls of the instanton saddle (III. lose to t=0)
separate (IV, t=1.5ns), move to the opposite side of the ring
(V, t=5.4ns) and annihilate (VI, t=5.7ns).
V. LARGE SIZE NARROW RING
We now investigate an annular lm with the same
dimensions but dierent λ (e.g., permalloy with A =
1.3 × 10−11J/m); the rest of the dimensions are kept
the same as above. Suh a ring belongs to the large ring
regime (ℓ = 60,m ≈ 1). As before, we an obtain a qual-
itative understanding of the reversal proess by following
the time evolution of the miromagneti energy; this is
presented in Figs. 6,7. Using the fat that an instanton is
a superposition of two domain walls with opposite hiral-
ity (Fig. 10b)
20
, the features observed in Figs. 6, 7 an be
explained and an intuitive idea of the reversal mehanism
developed.
We begin by disussing the evolution of energy with
time as shown in Fig. 6a. For he < ht the instanton de-
ays into the metastable state with a rapid derease in
7Figure 7: Evolution of the total energy with time for the on-
stant saddle, with energies measured with respet to that of
the stable state. The deay to the metastable state is shown
as proeeding to the left of t = 0, and to the stable state to the
right of t = 0.The ring dimensions are ∆R = 40 nm,ℓ = 60.
When he < ht the onstant saddle (II at t=0.15ns) starts to
deay into the metastable onguration (I at t=0.28 ns), it is
possible to see that this deay is not uniform in all the ring,
and some regions deay faster than others. When he > ht the
onstant saddle quikly develops domains (III at t=0.51ns).
Counterlokwise domains expand at the expense of lokwise
domains (IV, t=0.83ns), with annihilitation that produe a
sudden derease in energy (V, t=1.03ns) leaving a single do-
main wall pair whih ontinues moving (VI, t=2.52ns) until
eventual annihilation; the slope during the last stage is very
lose in magnitude to the slope of Fig. 6 during domain wall
propagation, the disrepany is due to the dierene of ap-
plied elds.
energy (seen to the left of t = 0). This orresponds to the
annihilation of two transverse domains walls. The eld
in this ase is not suient to separate the two trans-
verse walls. When he > ht (right side) the energy of
the system deays linearly with time towards the stable
state and then sharply dereases. The linear time de-
ay orresponds to movement of the transverse domain
walls in opposite diretions (due to the external eld) at
approximately onstant speed as an be seen in Fig. 6.
The nal, sharp derease in energy results from the ol-
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Figure 8: Total energies of the two saddle states for dimen-
sions ∆R = 40 nm,ℓ = 60 with respet to the lokwise on-
guration.
lision and annihilation of the walls. Note that the mag-
netostati and exhange energies remain almost onstant
while the walls are propagating (roughly) independently
of eah other. The annihilation energies of the domain
walls (indiated by the arrows in Fig. 6a) are roughly the
same magnitude.
The slope of the E(t) urve during the propagation
phase provides a measure of how fast the reversal pro-
eeds. For the partiular damping parameter used, this
an be used to estimate the wall speed from the last term
of (3) to be v = 1
8nµ0M20
(2π
ℓ
)2 R
2
λ2t
〈dE
dt
〉where n is the num-
ber of domain wall pairs present in the ring. In deriving
this expression φ = 0, π for eah domain and domain wall
widths are assumed to remain onstant during propaga-
tion. A omparison to medium-sized rings shows that at
xed h the reversal time inreases as λ dereases for two
reasons: the domain wall width is omparatively smaller
and the eetive saled irumferene ℓ is omparatively
larger (f. Figs. 4 and 6).
The time dependene of the energy for the onstant
saddle ase, Fig. 7, is seen to proeed in several steps
where the energy derease is gradual, puntuated by large
hanges in the slope dE/dt. These features an be ex-
plained as follows. Fig. 8 shows that the ativation en-
ergy of the onstant saddle at h ≈ 0.17 is several times
larger than the ativation energy of the instanton saddle
at the same eld. With suh a large ativation energy,
it is relatively easy to reate several domain wall pairs
along dierent (randomly plaed) parts of the ring, eah
of them with an energy ost roughly equal to the ativa-
tion energy of the instanton. In the simulations, this pro-
ess is modied by the disretization of the ring, and in
an experimental setup it is possible that impurities and
edge roughness might play a similar role. The abrupt
hanges in slope are due, as before, to the annihilation
of domain wall pairs and hint at a riher spetrum of
states that are stationary in the energy when the saled
irumferene is large ompared to the exhange length.
8HaL HbL
HcL HdL
Figure 9: Topologial defets of the XY model in the bulk
(a,b) and in the presene of an edge (,d), with winding num-
bers of 1,-1,+1/2,-1/2 respetively.
A. Multiple Wall Pair Spetra
We have also gone beyond the work of Martens et al.
by nding numerially new stable states onsisting of
multiple domain wall pairs. When present, these states
inuene the time evolution of the system in a manner
similar to that just desribed. In this setion we disuss
these new states and present a model to inorporate their
eets on magnetization reversal.
Fig. 10d shows one of these loally stable double pair
states. They an be desribed as a ombination of topo-
logial defets, in partiular edge defets and domain
walls, whih we will now desribe (f. Fig. 9). Bulk
topologial defets are vortex and antivortex singularities
of the magnetization ongurations with a net ontribu-
tion to the exhange energy
21
. They are haraterized by
their winding number whih is onserved over any on-
tinous transformation of the magnetization. Close to an
edge of the material the singularities beome half-vorties
with winding number ±1/222. Sine ℓ→∞ for the limit
m → 1, we an onsider any small segment of the ring
as a strip: the outer edge of the ring maps into the lower
part of the strip.
A transverse domain wall an be desribed as a om-
posite of two edge defets of opposite sign
22
at opposite
sides of a ferromagneti strip (see Fig. 10a). In the ring,
it is onvenient to label suh a domain wall using the
sign of the topologial defet on the inner side of the
ring. The topologial defets experiene a Coulomb-like
attration or repulsion. Walls where the magnetization
points in opposite diretions (equal signs for same side
edge defets as in Fig. 10) experiene repulsive inter-
ations. The origin of repulsion arises from the mag-
netostati and exhange energies in the region between
walls. Walls whih are parallel to eah other (with oppo-
site signs in the same side edge defets, as in Fig. 10b)
experiene attrative interations.
Any small utuation of the magnetization initially
HaL
+
-
x
-Π
Π
Φ
HbL
- +
-+
x
-Π
Π
Φ
HcL
+ +
--
x
-Π
Π
Φ
Figure 10: a) Transverse domain wall omposed of two edge
defets of opposite sign. b) Magneti onguration equiva-
lent to the instanton state in a stripe. ) A trapped domain
between two antiparallel walls. d) Low energy metastable
state onguration. The topologial defet sign at the in-
ner boundary determines if the domain wall pairs are stable
with respet to the external magneti eld. With respet to
the ground state (ounterlokwise), this state has a winding
number of zero, as do the instanton saddle, onstant saddle
and lokwise ongurations.
parallel to the ring (strip) edges would be a preursor to
a double wall of this last type (Fig. 10b) as illustrated by
the prole of suh ongurations. The radial omponent
of the magnetization in the ring (transversal omponent
in the strip) edges ould have any sign: the utuation
will have the same energy whether the magnetization tilts
towards the inside or the outside of the ring (up or down
in a strip). A reversal an be produed by a utuation
with equal probability for any of these two orientations.
The domain between two walls will expand under the
inuene of a parallel external magneti eld (produing
a repulsive pressure on the walls), and ontrat under an
antiparallel magneti eld (produing an attrative pres-
sure on the walls). The balane between the interdefet
interation and the eld determines whether a ongu-
ration is in stable or unstable equilibrium. For example,
an instanton saddle onguration is equivalent to two do-
main walls with opposite signs on their innermost defets
whih enlose a domain parallel to the eld (f. signs in
9Figure 11: Two possible evolutions of a utuation with two
instantons in dierent parts of the ring. (A) The magnetiza-
tion relaxes to the metastable state only if the radial magne-
tization omponents are parallel. (B) Otherwise, two trapped
domains (360 degree walls) appear.
Fig. 10 b). The eld pushes the domain walls away from
eah other while their mutual interation tends to bring
them together. These opposing tendenies produe the
unstable equilibrium whih makes this onguration a
saddle state.
The opposite situation, in whih edge defets repel and
the enlosed domain is antiparallel to the eld, produes
a metastable state. The enlosed magneti domain does
not vanish beause the half vorties experiene an ef-
fetive repulsion: it is energially ostly to unwind the
topologial defets. As a result this onguration is sta-
ble, with an energy intermediate between the lokwise
and ounterlokwise ongurations.
We an now explain how the metastable state evolves
into the state represented in Fig. 10d. If the ring is orig-
inally magnetized lokwise, the energy density per ring
segment of instanton utuation size is higher than the
instanton energy. If the ring is suiently large, two in-
stantons (one domain wall pair eah) are produed (Fig.
11). If both instantons point in the same radial diretion
the system evolves into the ounterlokwise state (Fig.
11 A). However, if the instanton utuations point in op-
posite radial diretions (Fig. 11 B) the system evolves to
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Figure 12: Spetra of large ring regime (m ≈ 1). Lower
metastable states are separated by the energy of a trapped
domain onguration. Beyond the lokwise onguration the
instanton saddle and the onstant saddle are shown. The
metastable onguration beomes unstable beyond he = 1.
the state shown with 4 domain walls .
The domain wall pairs need not be at opposite sides of
the ring for this onguration to be stable, as onrmed
by displaing one of the wall pairs by several angles and
waiting for the system to relax.
It is interesting to summarize the new possible ongu-
rations and their total energies in the large ring ase. The
lowest state is the stable onguration, and there exists
a series of metastable states separated from eah other
by the energy of a double wall trapped domain (Fig. 12)
With the exeption of the single wall pair, all ong-
urations shown have a total winding number dierene
from the ounterlokwise state equal to zero for a path
that ompletely enloses the entral hole of the ring. The
single wall pair onguration has this winding number
dierene equal to one. While reversing the eld will
make the double wall system deay into the stable state;
the single wall pair onguration annot deay into the
ounterlokwise onguration. A trapped domain on-
guration using a single pair of domain walls has already
been proposed for an MRAM devie
23
.
VI. WIDE RINGS
Having veried numerially the onlusions and pre-
ditions of the analytial model of Martens et al.
10
for
narrow rings, we now proeed to test the limits of its ap-
pliability with inreasing annular width. Given the 1D
nature of the analytial mode, we expet that at some
width the model should break down and its onlusions
no longer apply. Surprisingly, this breakdown nally o-
urs at a larger width than initially expeted.
Inreasing the ring width introdues two new eets
that ause the analytial model to break down. First,
it allows the external eld to vary in magnitude appre-
iably as one moves along a radial diretion. Seond, it
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Figure 13: Ativation energy spetra for R = 200 nm, ℓ =12
and a) ∆R = 40 nm, b) 100 nm, ) 200 nm.
inreases the relative magnitude of the (previously ne-
gleted) nonloal bulk term of the magnetostati energy
with respet to that of the loal surfae term.
In our simulations, ∆R is set to the values 100 nm
(Hc = 29.5 mT), 200 nm (Hc = 14.7 mT) and 380 nm
(Hc =7.8 mT). The entral hole of the annulus is a few
exhange lengths in diameter in the latter ase. For this
reason vortex-like singularities remain in the gap.
Fig. 13 summarizes the ativation energies for the
widths onsidered. It should be notied that as ∆R in-
reases for xed λ, ℓ dereases and the annulus shifts
away from the large ring (m ≈ 1) approximation. We
onsequently disuss only middle size rings where ℓ ≈ 12.
Fig. 13 a,b, shows that the main preditions of the model
hold even for very wide rings: the ongurations φh are
saddles for ertain ht, and for elds below hc the in-
stanton saddle onguration is preferred to the onstant
saddle onguration.
We have found that the annular width must be in-
reased to the extreme wide-ring limit ∆R ≈ 2R in
order for the model to fail. Its breakdown an be ob-
served in the E(t) urve of Fig. 14a. In this regime,
there are still elds ht for whih the dynamis bifurates
to either the stable or metastable state on either side
of ht, but at suh elds it is lear from Fig. 14a that
(limh→ht
δE
δt
∣∣
t=0
6→ 0−). This indiates that the initial
ongurations hosen from the 1D analytial solutions
are no longer lose to the true saddles. Instead of a long
initial period of little hange, we nd instead relaxation
to a state in whih the entral region of the ring is mag-
netized irumferentially and the outer edge of the ring
retains some memory of the starting onguration. This
appears to be a new type of saddle onguration, whih
we all the relaxed state, and is shown in Fig. 14.
For simulations starting from the instanton saddle with
parameters h = 0.1, ..., 0.4 the system evolves to the re-
laxed state. At higher values of h (h = 0.5, ..., 0.8 for the
instanton, and h = 0.7, ..., 1.0 for onstant saddle ong-
urations) the relaxed state does not satisfy the station-
arity ondition, but the bifuration ondition an still be
satised with a partiular ht. The absene of a plateau
-100
 0
 100
 200
 300
 400
 500
 600
 0  2  4  6  8  10  12
To
ta
l E
ne
rg
y 
(10
00
 K
)
t(ns)
ht=0.17a)
 0
 20
 40
 60
 80
 100
 120
 140
 160
 0  0.2  0.4  0.6  0.8  1
A
ct
iv
at
io
n 
En
er
gy
 (1
00
0 K
)
ht
b)
analytic cons.
analytic ins.
constant
instanton
new state
Figure 14: a) Time evolution of the total energy, for both
initial saddle ongurations. At a given ht the dynamis do
not slow arbitrarily as t → 0. b) Spetra of the approximate
ativation energies (measured lose to the bifuration in time,
not at t = 0). ) The new metastable state of Fig. 15 is found
at lower energies than either saddle. The 1D saddle ongu-
rations (instanton enter-up, onstant enter-down) and their
orresponding relaxed states at t=0.8 ns for (h
+
e right, h
−
e
left); inside the ring the strong eld aligns the magnetization
lokwise .
in the E vs. t urves makes the denition of the ativa-
tion energy somewhat more problemati, but it an still
be dened by using as the energy of the saddle state the
point at whih the urves E[φh, h
−
e ] and E[φh, h
+
e ] sepa-
rate. In this way approximate ativation energy spetra
an be determined, and the results are shown in Fig. 14b.
For values of h that orrespond to the onstant saddle
(0.2,. . .,0.6) another feature of the breakdown of the 1D
model an be seen. The system relaxes to neither of the
stable states onsidered so far (see Fig. 15). It evolves to
a radially dependent state with ounterlokwise orienta-
tion at the inner edge of the ring and lokwise orienta-
tion at the outer edge. This onguration is stabilized by
the large inhomogeneity in the magnitude of the magneti
eld as one moves outward along a radial diretion. It is
important to note that the energy of this state is lower
than the energies of either initial onguration used (the
11
1D analytial saddle solutions), but is higher than either
the lokwise or ounterlokwise state.
There exists a low barrier that prevents this ongura-
tion from relaxing into either of the ounterlokwise on-
gurations in the limiting elds of Fig. 14. We obtain an
estimate of this energy by using the String Method with-
out reparametrization
19
as desribed in Set. III. We
start with sequenes of 50 equally spaed ongurations
that onnet eah of the irumferenial ongurations
to this newly found metastable state along an straight
line. The result of the relaxations are shown in Fig. 16.
Fig. 16 (a) shows the total energy of the string points
after relaxation; the inset shows a very shallow energy
barrier that prevents deay to the two lowest stable on-
gurations. It is interesting to observe that this barrier
almost disappears on the left at he = 0.22500 and on the
right at he = 0.25625 explaining why this state is stable
only for a very narrow band of eld values.
The physial origin of the two barriers is lear if the
three omponents are studied separately (Fig. 16 b, ,d).
For all graphs the origin orresponds to the state repre-
sented in Fig. 15, and the lokwise oriented magnetiza-
tion is 50 steps to the left of zero, the ounterlokwise
onguration is loated 50 steps to the right of zero.
The Zeeman energy (Fig. 16d) prevents the system
from moving towards the lokwise onguration for all
states along the string. It is maximum for the lok-
wise onguration and dereases monotonially along the
path. Any point of the trajetory is pushed to the right
of the graph by the external eld.
Fig. 16b shows the demagnetization energy with a
sharp barrier that prevents the magnetization from point-
ing perpendiular to the ring edges. At this barrier, the
magnetization at the surfae points radially outward (as
in Fig. 14h+e for the onstant saddle). This produes
a sharp barrier at this step of the path. At this point,
the magnetostati energy is the only energy term ating
against the reversal of the magnetization from lokwise
to ounterlokwise orientations; other terms favors the
reversal. The net eet of the demagnetization energy
barrier is to favor ongurations away from this barrier.
Fig. 16 represents the exhange energy. The exhange
energy is minimal in the two irumferenial states.
When these three interations are onsidered together
the stability of this state is understood: at lower elds
the exhange and magnetostati energy are balaned by
the Zeeman energy. At large elds Zeeman and exhange
favor a magnetization out of the ring's surfae, when the
shape anisotropy barrier is overome, the system reverses
suddenly into the ounterlokwise onguration.
The analytial model presumed the eld to be on-
stant in the radial diretion as in the narrow ring ase.
Although the eld inhomogeneity eventually renders this
assumption invalid, the 1D model is surprisingly robust
and breaks down only in the extreme ase just onsid-
ered.
Figure 15: Magnetization onguration of new found
metastable state for extremely wide rings. The stability of
this state is a onsequene of the highly inhomogeneous eld
in the enter.
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Figure 16: Energies of the ongurations along the string
after 100 iterations at two dierent applied elds. The en-
ter of the gure represents the magnetization onguration
of Fig. 15. The lokwise onguration is at -50, and the
ounterlokwise is loated at +50. Energies are a) total b)
demagnetization ) exhange d) Zeeman . The inset on (a)
shows the energy on a ner sale, illustrating the existene of
an energy barrier.
VII. CONCLUSION
The 1D analytial model of Martens et al.10 has been
tested and onrmed using numerial simulations for a
variety of ring sizes and external magneti elds elds
that more losely approximate realisti laboratory situ-
ations. Although it was initially expeted that the an-
alytial model would apply only to narrow annuli, our
simulations show that it is surprisingly robust, eventu-
ally breaking down only in the extreme two-dimensional
limit.
By studying a large portion of the relevant parameter
spae, (λ,∆R), we have also found new saddle and stable
states. These ndings enrih our understanding of the
energy landsape of ferromagneti rings.
Two limits present partiularly interesting features:
the large-R narrow ring (∆R ≪ R) and the extremely
12
wide ring. The large narrow ring allows for the appear-
ane of multiple instantons at energies below the onstant
saddle onguration; their relative orientations and po-
sitions determine the nal magnetization onguration.
We provide a topologial analysis of these new ongu-
rations and predit a hierarhy of suh states diering
by the number of domain wall pairs in eah. The in-
teration between these domain walls an be harater-
ized and understood through edge defets that ompose
them. Moreover, by following the evolution of the down-
hill energy run from one of these states to the stable
onguration, one an infer the propagation of domain
wall pairs in the ring: sudden hanges in energy indiate
annihilation of domain wall pairs, while linear derease
of energy ours during domain wall propagation.
The 1D model predits extremely well the ativation
energy for magnetization reversal even for wide rings.
Eventually, though, in the extremely wide regime limit,
the 2D nature of the magneti eld beomes important
and the 1D approximation breaks down. In this regime,
a new stable state arises in whih the magnetization is
radially dependent but independent of the angle. The
String Method
19
has been used to verify the existene of
a barrier between this state and other stable states with
lower energy, and is used to larify the physial origin of
this barrier, in terms of the various ontributions to the
energy from exhange, magnetostati, and external eld
soures.
Aknowledgments
We want to thank Hans Fangohr for providing assis-
tane in the use of the Nmag simulation pakage. We
also aknowledge Daniel Bedau for helpful insight. This
researh has been partially supported by NSF-DMR-
0706322 and an NYU-Researh Challenge Fund award
(ADK) and by NSF-PHYS-0651077 (DLS). We are grate-
ful to Oleg Tretiakov for ommenting on the rst draft
of this manusript.
[1℄ C. L. Chien, F. Zhu, and J.G.Zhu, Phys. Today 60, 40
(2007).
[2℄ T. Yang, M. Hara, A. Hirohata, T. Kimura, and Y. Otani,
Appl. Phys. Lett. 90, 022504 (2007).
[3℄ J.-G. Zhu, Y. Zheng, and G. A. Prinz, in J. Appl. Phys.
(AIP, 2000), vol. 87, pp. 66686673.
[4℄ M. Kläui, Vaz, J. A. C. Bland, T. L. Monhesky, J. Un-
guris, E. Bauer, S. Cheri, S. Heun, A. Loatelli, L. J.
Heyderman, et al., Phys. Rev. B 68, 134426 (2003).
[5℄ M. Kläui, C. A. F. Vaz, J. A. C. Bland, L. J. Heyderman,
F. Nolting, A. Pavlovska, E. Bauer, S. Cheri, S. Heun,
and A. Loatelli, Appl. Phys. Lett. 85, 5637 (2004).
[6℄ M. Laufenberg, D. Bakes, W. Buhrer, D. Bedau,
M. Klaui, U. Rudiger, C. A. F. Vaz, J. A. C. Bland,
L. J. Heyderman, F. Nolting, et al., Appl. Phys. Lett.
88, 052507 (2006).
[7℄ F. J. Castaño, C. A. Ross, C. Frandsen, A. Eilez, D. Gil,
H. I. Smith, M. Redjdal, and F. B. Humphrey, Phys. Rev.
B 67, 184425 (2003).
[8℄ F. J. Castaño, D. Moreroft, and C. A. Ross, Physi-
al Rev. B (Condensed Matter and Materials Phys.) 74,
224401 (2006).
[9℄ J. Rothman, M. Klï¾÷ui, L. Lopez-Diaz, C. A. F. Vaz,
A. Bleloh, J. A. C. Bland, Z. Cui, and R. Speaks, Phys.
Rev. Lett. 86, 1098 (2001).
[10℄ K. Martens, D. L. Stein, and A. D. Kent, Phys. Rev.
B (Condensed Matter and Materials Phys.) 73, 054413
(2006).
[11℄ G. D. Chaves-O'Flynn, K. Xiao, D. L. Stein, and A. D.
Kent, J. Appl. Phys. 103, 07D917 (2008).
[12℄ H. A. Kramers, Physia 7, 284 (1940).
[13℄ P. Hänggi, P. Talkner, and M. Borkove, rev. of Modern
Phys. 62, 251 (1990).
[14℄ T. L. Gilbert, Phys. Rev. 100, 1243 (1955).
[15℄ L. Landau and E. Lifshitz, Physik. Z 8, 152 (1935).
[16℄ M. Abramowitz and I. A. Stegun (Dover Publiations,
1965), ISBN 0486612724.
[17℄ M. Donahue and D. Porter, National Institute of Stan-
dards and Tehnology, Gaithersburg, MD, version 1.0 ed.
(1999).
[18℄ T. Fishbaher, M. Franhin, G. Bordignon, and H. Fan-
gohr, Magnetis, IEEE Transations on 43, 2896 (2007).
[19℄ W. E, W. Ren, and E. Vanden-Eijnden, Phys. Rev. B 66,
052301 (2002).
[20℄ H.-B. Braun, Phys. Rev. Lett. 71, 3557 (1993).
[21℄ P. M. Chaikin and T. C. Lubensky (Cambridge Univer-
sity Press, 2000), 1st ed., ISBN 0521794501.
[22℄ O. Thernyshyov and G.-W. Chern, Phys. Rev. Lett. 95,
197204 (2005).
[23℄ M. Monek and J.Zhu (2007), no. 52nd in Annual Con-
ferene on Magnetism and Magneti Materials, MMM.
